We study the existence of an n-fold rotationally symmetric placement of a symmetric graph in the plane allowing a continuous deformation that preserves the symmetry and the distances between adjacent vertices. We show that such a flexible placement exists if and only if the graph has a NAC-colouring satisfying an additional property on the symmetry; a NACcolouring is a surjective edge colouring by two colours such that every cycle is either monochromatic, or there are at least two edges of each colour.
: The vertices of K 4, 4 can be placed symmetrically on orthogonal lines to make the graph flexible with 2-fold rotational symmetry (left). A 2-fold rotationally symmetric flexible instance of K 4,4 is obtained by placing the vertices of each part to a rectangle so that the two rectangles have the same intersection of diagonals and parallel/orthogonal edges (middle). Although there is a 4-fold rotationally symmetric choice of rectangles (right), the deformed placements preserving the edge lengths are only 2-fold symmetric. The colours indicate equality of edge lengths in a placement. Symmetry plays an important role in art and design, and often appears in nature also. Due to this, there is a large body of work focused on symmetric frameworks and their properties in the context of rigidity theory; see [10, 11] . In particular, we shall be focusing on graphs and frameworks that display n-fold rotational symmetry, such as in Figure 2 .
In this paper we formalise the NAC-colouring method for rotationally symmetric flexible placements, in such a way that the motion preserves the symmetry. By combining Lemma 5 and 6 of Section 3, we obtain the following result: Theorem 1. A C n -symmetric connected graph has a C n -symmetric NAC-colouring if and only if it has a C n -symmetric flexible placement in R 2 .
Similiar to [8] , we also identify properties of such NAC-colourings that determine when all flexible placements must have overlapping vertices.
Rigid and flexible frameworks
We briefly recall some basic notions from rigidity theory. A framework in R 2 is a pair (G, p) where G is a (finite simple) graph and p : V (G) → R 2 is a placement of G, a possibly non-injective map such p(u) = p(v) if uv ∈ E(G). We define frameworks (G, p) and (G, q) to be equivalent if for all uv ∈ E(G),
We define two placements p, q of G to be congruent if (1) holds for all u, v ∈ V (G); equivalently, p and q are congruent if there exists a Euclidean isometry
, in the space of placements of G such that p 0 = p and each (G, p t ) is equivalent to (G, p). If p t is congruent to p for all t ∈ [0, 1] then p t is trivial. We define (G, p) to be flexible if there is a non-trivial flex of (G, p) in R 2 , and rigid otherwise.
It was shown in [12] that a framework (G, p) with a generic placement of vertices (see [9] ) is rigid if and only if G contains a Laman graph as a spanning subgraph. This does not inform us whether a graph will have a flexible placement; for example, any generic placement of K 4,4 is rigid, however as shown by Figure 1 we can construct flexible placements for it. To determine whether a graph has flexible placements we introduce the following. The colourings considered within this paper are not required to have incident edges coloured differently, contrary to common graph-theoretical terminology. Having these definitions, we can recall the result [7, Theorem 3.1].
Theorem 3.
A connected graph has a flexible placement in R 2 if and only if it has a NAC-colouring.
Rotational symmetry
We now recall some of the basics of rotational symmetry for graphs and frameworks. Let G be a graph and n ≥ 2. Let the group C n := ω : ω n = 1 act on G, i.e., there exists an injective group homomorphism θ : C n → Aut(G). We define γv := θ(γ)(v) for γ ∈ C n ; similarly, for any edge e = uv ∈ E(G), we define γe := γuγv. We shall define v ∈ V (G) to be an invariant vertex if γv = v for all γ ∈ C n , and partially invariant if γv = v for some γ ∈ C n , γ = 1. The graph G is called C n -symmetric if in addition we have that every partially invariant vertex is invariant, and the set of invariant vertices of G forms an independent set.
is the 2kπ/n rotation matrix; likewise, we define the pair (G, p) to be a C n -symmetric framework. Note that the invariant vertices are necessarily placed at the origin, which explains the requirement to form an independent set. If there is a non-trivial flex p t of (G, p) such that each (G, p t ) is C nsymmetric, then (G, p) is C n -symmetric flexible (or n-fold rotation symmetric flexible), and C n -symmetric rigid otherwise.
We wish to extend our definition of NAC-colourings to the symmetric case. Let δ be a colouring of G. A red component is a connected component of Figure 3 for an example). We define G δ blue and blue (partially invariant) components analogously. We focus on the class of NAC-colourings suitable for dealing with symmetries.
for all e ∈ E(G) and γ ∈ C n and no two distinct blue, resp. red, partially invariant components are connected by an edge.
Proof of Theorem 1
We now prove our two key lemmas for Theorem 1. The first result (Lemma 5) uses tools from valuation theory; we refer the reader to [1] for background reading. Let (G, p) be a C n -symmetric framework in R 2 and fix a non-invariant vertex v 0 that does not lie at the origin. By rotating (G, p) we may assume that p(v 0 ) lies on the line {(t, 0) : t ∈ R}. Define for each edge vw the polynomials
Using these we define the algebraic set V n (G, p) in (C 2 ) V (G) by the equations
If G is connected and (G, p) is C n -symmetric flexible then the algebraic set V n (G, p) cannot be finite and must contain an irreducible algebraic curve C. Further, as fixing the vertex v 0 to the line {(t, 0) : t ∈ R} will remove any trivial flexes, the "angle" between two edges must vary, i.e., for some edges
take an infinite amount of values over C. We shall define the irreducible algebraic curve C to be a C n -symmetric motion.
Lemma 5. If (G, p) is a C n -symmetric flexible framework in R 2 , G being a connected graph, then G has a C n -symmetric NAC-colouring.
Proof. The assumption implies that there exists a C n -symmetric motion C with infinitely many real points. Let u ′ v ′ and u ′ w ′ be edges of G such that the function W u ′ ,v ′ /W u ′ ,w ′ takes infinitely many values. Then W u ′ ,v ′ /W u ′ ,w ′ is a transcendental element of the function field C(C). By Chevalley's Theorem (see for instance [1] ), there exists a val-
By [8, Theorem 2.8], we see that δ is a NAC-colouring. Moreover, δ(ω k e) = δ(e) for all e = uv ∈ E(G), since
It suffices to show that two distinct partially invariant red components cannot be connected by an edge, since there exists a valuation ν and threshold α yielding a NACcolouring δ conjugate to δ by [8, Lemma 2.13] . Suppose for contradiction that H 1 and H 2 are distinct partially invariant red components of G that are connected by an edge v 1 v 2 with v j ∈ V (H j ). As each H j is a red component and they are distinct, δ(v 1 v 2 ) = blue. Suppose that v 1 and v 2 are not invariant vertices. Due to partial invariance there exist ω k j v j in H j for some 1 ≤ k j < n. Let (u 1 , u 2 . . . , u m ) be a path in H 1 with u 1 = v 1 and u m = ω k 1 v 1 , then
By a similar method, if we define
The vertices v 1 and v 2 cannot be both invariant, since by definition, invariant vertices form an independent set. If v j is invariant, then it must be at the origin and hence W v j = 0. In any case, the edge v 1 v 2 cannot be blue as either
If a C n -symmetric connected graph G has a C n -symmetric NAC-colouring δ, then there exists a C n -symmetric flexible framework (G, p) in R 2 .
Proof. The proof is based on the "zigzag" grid construction from [7] with a specific choice of the grid. Let R 0 1 , . . . , R n−1 1 , . . . , R 0 m , . . . , R n−1 m be the red components of G δ red that are not partially invariant. We can assume that R i j = ω i R 0 j for 0 ≤ i < n and 1 ≤ j ≤ m. Similarly, let B 0  1 , . . . , B n−1   1 , . . . , B 0 k , . . . , B n−1 k be the blue components of G δ blue that are not partially invariant and B i j = ω i B 0 j for 0 ≤ i < n and 1 ≤ j ≤ k .  Let a 1 , . . . , a m and b 1 , . . . , b 
We note that a vertex is mapped to the origin by a (respectively b) if and only if it lies in a red (respectively, blue) partially invariant component. We now obtain for each t ∈ [0, 2π] a placement p t of G with
where R(t) is the rotation matrix by t radians. First, we have to show that no two adjacent vertices are mapped to the same point by the placement p 0 . Assume that p 0 (u) = p 0 (v) for some vertices u, v. By construction we have a(u), b(u) = a(v), b(v) . Suppose this is due to the fact that u and v belong to the same red and same blue (possibly partially invariant) component. Hence, uv / ∈ E(G), otherwise δ is not a NAC-colouring (uv would yield a cycle with a single edge in one colour). On the other hand, if u and v are in two different red (resp. blue) components, then a(u) = a(v) = (0, 0) (resp. b(u) = b(v) = (0, 0)). By our construction of a (resp. b), it follows that u, v both lie in partially invariant red (resp. blue) components. Since these components are partially invariant, uv / ∈ E(G) by the assumption that δ is C n -symmetric. Now choose uv ∈ E(G). If δ(uv) is red (resp. blue) then a(u) = a(v) (resp. b(u) = b(v)). Hence, the edge length p t (u) − p t (v) is independent of t. As no two vertices connected by an edge are mapped to the same point, (G, p) := (G, p 0 ) is a framework with a flex p t . Further, the flex is not trivial by surjectivity of δ, thus (G, p) is a flexible framework.
Finally, we show that p t is C n -symmetric.
Hence, a(ωv) = τ (ω)a(v) and b(ωv) = τ (ω)b(v). The same equalities hold also if v belongs to a partially invariant component, since then ωv is also in a partially invariant component. Using (3) and commutativity of rotation matrices, we get
Example 7. By using the construction described in Lemma 6 we can construct the C n -symmetric flexible frameworks given in Figure 4 . Figure 4 : A flexible C 4 -symmetric placement for a given C 4 -symmetric NAC-colouring.
C n -symmetric flexible injective placements
We call a framework proper C n -symmetric flexible if it has a non-trivial flex where all but finitely many C n -symmetric placements are injective. The constructed framework given by the proof of Lemma 6 may not be proper flexible. A careful inspection shows that no two vertices coincide during the constructed flex if and only if the conditions summarised in the following claim hold. We provide also a necessary combinatorial condition on the existence of a proper C nsymmetric flexible placement of a graph G analogous to [8] . We call a NAC-colouring of G active for a C n -symmetric motion if it can be obtained from a valuation and threshold using (2) . We start with the following lemma. Lemma 9. Let C be a C n -symmetric motion of (G, p). Let u, v be vertices of G such that uv ∈ E(G) and q(u) = q(v) for all q ∈ C. If there exists a uv-path P in G such that P is monochromatic for all active NAC-colourings of C, then ||q(u) − q(v)|| is the same for all q ∈ C. Particularly, C is a C n -symmetric motion of (G ′ , p), where
Proof. Using the fact that all active NAC-colourings are C n -symmetric (see the proof of Lemma 5), we can add the edge uv to the graph G by adapting the proof of [8, Lemma 3.1] similarly to Lemma 5 (if the angle between two consecutive edges u i−1 u i , u i u i+1 in P varies, i.e., the distance between u and v changes, then W u i ,u i+1 /W u i−1 ,u i is a transcendental element). For γ ∈ C n , γu and γv are connected by the path γ(P ), which is monochromatic for all active NAC-colourings of C. Hence, we can use the same argument to add also γuγv.
We follow the approach in [8] . For a C n -symmetric graph G, let U Cn (G) denote all pairs {u, v} ⊂ V (G) such that uv / ∈ E(G) and there exists a path from u to v which is monochromatic for all C n -symmetric NAC-colourings of G. Let G 0 , . . . , G n be a sequence of C n -symmetric graphs such that G = G 0 , G i = (V (G i−1 ), E(G i−1 ) ∪ U Cn (G i−1 )) for i ∈ {1, . . . , n}, and U Cn (G n ) = ∅. The graph G n is called the C n -symmetric constant distance closure of G, denoted by CDC Cn (G). In the same manner as in [8] , we get the following statement. While we have only dealt with frameworks with rotational symmetry, there are also reflectional and translational symmetry in the plane. Although flexible placements that preserve translational symmetry have very recently been investigated [2] , not much is known for flexible placements that preserve reflectional symmetry or preserve both reflectional and rotational symmetry.
